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ABSTRACT

In this paper we shall characterize the filters D such that for every M, T,y M /D
is A-saturated (where A > xo). The characterization is: Dis A-good, D is R
incomplete and S(I) /D is i-saturated.

0. Introduction

In [4] Keisler finds a pure set-theoretic condition on ultrafilters called 1-good-
ness such that: for every model M;, IIM;/D is i-saturated iff D is A-good, and
w-incomplete (4> N,). Naturally the question arises: For what filters D is IT, ;M,/D
A-saturated for every M;.

Jonsson and Olin [13] give a partial answer by proving that if I = @ and D is
the set of subsets of I with finite complements, then IT;.; M;/D is N,-saturated. They
then asked the above mentioned question. Galvin [11] generalizes their results.

Benda[1] characterized the filters D for which IT,; M;/D (for every M,) satisfies
the following condition:Any type on IT;,;M,/D consisting of quantifier-free formulas
(with parameters from II;; M;/D) which is finitely satisfiable and of cardinality
< Ais satisfiable in IT;,; M;/D. (Our proof also gives the answer for the case of 11,
or X, formulas. See the abstract in [12] in which our results were announced.)

Pacholski and Ryll-Nardzewski [9] deal with the case where S(I)/D is atomless
for N,-saturation. At about the same time that I proved the theorem appearing
here, Pacholski proved a similar theorem for the case 2 = N, (see [14]).

We shall use here the following theorem, which is an immediate consequence
of theorem 3.1 of Feferman and Vaught [10].

THEOREM 0.1. For every formula ¢(x,,---,x,) in a language L, there exists
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a formula  (in L., the language of boolean algebra) and ¢o(x;, -+, %),
Gm(X15+5%,) (in L) such that IM;/D k ¢[d] iff SU)/D k ¢[A,-, A,] where
45 = (i M; k¢ [a()]).

We prove here

TueOREM 0.2. For every M;, iel, II; . M;/D is A-saturated where 1 >N,
iff D satisfies the following three conditions

(1) D is w-incomplete

(2) S)/D is A-saturated

(3) D isa A-good filter.

REMARK. We also find when MY/D is A-universal for every M.

1. Notations and definitions

A, u will denote infinite cardinals; m, n, p natural numbers, and j, k, I ordinals.
Let L be a first-order language. Formulas will be denoted by 6, ¢, v, x. M, N will
denote models (L-models if not mentioned otherwise). B will denote a Boolean
algebra whose operations are y; U y,, ¥\ V2 Yi- If M is an L-model, then
L(M) = L and L, = L(B). B, is the Boolean algebra with two elements.

An element of a model M will be denoted by a, b, c. The set of elements of M
is |M|. We shall write many times a e M instead of a e | M|. g will denote a finite
sequence of elements of M. de M if @ = {a,,-+,a,» and ay,---,a, € ]M] M E¢[d]
if M satisfies ¢[d].

S(I) will be the set of subsets of I. Clearly with the operations of union, inter-
section and complementation it is a Boolean algebra.

D = S(I) is a filter on I if

1) A,,A,eD=>A, NA4,eD

2) A;eD,AjcA,cI=>A,eD

D will always denote a filter on I, and i an element of I.

If A,Be S(I),let A = B(mod D) if {i: i€ A <>ie B} e D. This is an equivalence
relation. So let 4/D be the equivalence class of A. Let A/D U A,/D = (4 U 4,)/D,
ADNAD =(ANA)/D, (A/D)° = (I — A)/D. Tt is easily proved that these
operations are not dependent on the representatives of the equivalence classes.
B(D) will be the Boolean algebra with {4/D: A e S(I)} as a set of elements (the
operation has been defined before). (But we shall usually write 4 instead of 4/D.)

The definitions of reduced power and reduced product are assumed to be
known (see [2]). If @ = <ag, -+, a,> € M'|D, then d(i) = {ay(i), -+, a,(i)). S, (1) is
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the set of all subsets of A of power < u. f: S,(1) = D is monotonic if for every
s, t € S,(A), s = t implies f(t) = f(s). f is multiplicative if for every s, teS,(4),
sV =f(s)Nf(t). f < g if for every se S, (1), f(s)=g(s). D is a p-good
filter if for every monotonic f: S,(4)—D, A < pu, there is g, g = f, g: S,(A)— D,
and g is multiplicative.

D is w-incomplete if there exists 4, € D such that N 4, = 0.
n<o

M is A-saturated if every type {@(x,d,): k < ko < 1}

(d, € M) which is finitely satisfiable in M, is satisfiable in M. M is A-universal if
every elementarily equivalent model of power < A has an isomorphic elementarily
submodel of M.

2. On saturative filters

DEerRINITION 2.1. D is A-saturative if for every model M,, II, ;M,/D is A-
saturated.

The main theorem of this paper is:

THEOREM 2.1. D is A-saturative (A>,) iff it satisfies the following conditions:
(1) Dis A-good

(2) B(D) is A-saturated

(3) D is w-incomplete.

REMARKS. (1) The proof is separated into several lemmas. (2) In the proof of
the necessity, we assume only that for every M, M’/D is A-saturated; hence this
is equivalent to saturativeness.

PROOF OF NECESSITY
LemMa 2.2, If D is A-saturative and 1 >W,, then D is w-incomplete.

Proor. Let M be a model ]M [ = §S,(w), and let inclusion be one of its re-
lations. The type {x > {n}: ne w} clearly is finitely satisfied in M'/D, and so it
should be realized by a, aeM’/D. Let X, = {i:a(i) > {n}}. Clearly each X,
belongs to D (by the definition of reduced power). N, X, = {i: (Vnew)a(i) > {n}}
= 0 as no element of M is an infinite set.

LEmMMA 2.3. If D is A-saturative, then B(D) is A-saturated.

ProOF. Let B, be the Boolean algebra of two elements. It is easily seen that
B!/D is isomorphic to B(D). By hypothesis B{/D is A-saturated; hence B(D) is
A-saturated.
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Lemma 2.4. If D is A-saturative, then it is A-good.
ReMARK. This proof appears essentially in Keisler [4].

Proor. Let u < 4, and f: S,(u) —» D be monotonic. Then let M =
{S(S, (1)), =,0,#>. We define

ay k < pt, a,e M'[D, such that ¢ = {a, > x A x # 0: k < }

will be finitely satisfiable, and will be satisfiable iff there exists multiplicative
g, g< f, g:S,(1)— D. Clearly this will prove the Lemma.

Let a,(i) = {t:teS(u), ket, icf(t)}. We prove that g is finitely satisfiable.
If g, is a finite subset of g, then for some s, g, = {4, > x A x # 0: kes}. So we
should prove that M'/D E (3x) Ay cs(a; > x A x # 0) or that

A={i: M E@x) A(a(i)>x A x5 0)}eD.
kes
Clearly,
A=1{i:N a)# 0}
kes
= {i: {t:teS,(n), kes=>ket, ief(t)} # 0}

= {itief(s)} = f(s)eD.
Hence we have proved that g is finitely satisfiable. As [q] =pu<Aand D is
A-saturative, g is satisfied in M'/D. Let a realize g, and define g: S (u)—D:

gls)y={i: M I=k/\ (a (i) = a(i) A a(i) # 0)}.
As M E A(a (D)= a(i) A a(i) # 0)—~(3x) Al (D)2 x A x % 0),

kes kes

clearly g(s) = f(s). It is also easily seen that g(s)e D and that g(s) is multipli-
cative.
So we have proved the Lemma and hence the necessary part of the proof.

Proor oF SUFFICIENCY. We assume now that D satisfies the three conditions
mentioned in the statement of Theorem 2.1.

LemMa 2.5. Let f be a function with two places, whose domain is S, (u),
U <2, and whose range is included in S(I). Let {A;: i<yu) be a sequence of
subsets of 1. Suppose that

(1) for every s,teS,(1),NjesA; N Nje:I — A4;) =f(s,t)(mod D), and if
sNt#£0,f(,1)=0.

(2) f(0,0) = I, and for every s,t,ueS,(1), sVt <u, sNnt = 0 the following
holds:
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f(,0) =0V {f(spt)scs cu, tat cu,s Ut = u}
Then there exists a sequence {Aj} : i < pu) of subsets of I such that
(A) for every i< p, A} = A;(mod D)
(B) for every s,te S, (1)
N 4N NA-4)<fs0)
jes jet

ReMARK. In this proof we use only the 1-goodness of D.

Proor. Define for every t, s € S, (1)
LH6D) =160V N 4NN T -4))F.
jes jet

By hypothesis f(s,t) e D. For every u e S, (1), let

gw) = N{fi(s,t): sVt cu}.

Clearly g: S,(#)— D and g is monotonic. As D is J-good, u < 4, there exists
h: S,(1) — D, which is multiplicative and se S, (p) = h(s) = g(s).
In order to satisfy (A) and (B), it is sufficient that the A} will satisfy:

(@) if ieh({k})then ie 4; iff icA4,.
(B) if icAlfor every kes, and iel — A for every ket then ief(s,?).

Let us show the sufficiency. Clearly condition (x) implies (A), i.e., that
A, = A; (mod D), because h({k}) e D. It is also clear that (B) implies (B).

Now the conditions (&), (f) are local, i.e., they can be solved separately for
each i. Let iy el. So it is sufficient to prove that we can define {4} N {io}: k < )
such that («) and () are satisfied for i=i,. We can look at {io € 44 : k < U} as aset
of propositional variables,

{ioef(s,1): s,teS,(W} Y {igeh({k}): k< p}Ulice A,k < u}

as a set of propositional constants, and (x) and (f) as a set of formulas.
It is clear that in order to end the proof of the lemma, it is sufficient to prove
that this set is consistent. By the compactness theorem for propositional calculus,
it is sufficient to prove that this set is finitely satisfiable. Let T, be such a finite
subset, and u be the set of k for which A4,, or h({k}) or 4}, or f(t,,t,) (where
ket or ket,) appear in at least one of the formulas in T;. Clearly ue S, (u)-
Let s = {k:keu, ipeh({k}), ipe A}, t = {k:keu, ioeh({k}), iy ¢ A;}. Then
sUtcu,and snt = 0, and, as 4 is multiplicative, igeh(s U t).
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It is known that

fG,0) =V {f(sp,ty):ses,cutctycu, s, Ut = u}
It is also known that i, A, for kesand ipel — A4, forket. So ige NicsAx

N Nke.(I — 4;) and hence i, €f(s,t). We can conclude that there exist s, t,

scs;cu, tctycu, s;\Jt;, =u such that izef(s;,t). As f(s;,t) # 0,
Sl N tl = 0.

If we make the formulas in {ig€ 4; : kes,} true, and make the formulas in

{io€ A: ket,} false, this will make any formula in T) true. By this we finish
the proof of Lemma 2.5,

Lemma 2.6. For every u < A, D is (w, u)-regular, i.e., there exist u sets in D,
such that the intersection of any infinite number of them is void.

ProoF. As D is w-incomplete, there exist 4,,n < w, A,€D, and (<, 4, = 0.
Let us define a function ff: S, (W)—>D. f(s) = N{4,:n < Is]} It is easily
seen that f is monotonic, and f(s) € D. Hence there exists g, g: S,(u)— D, g multi-
plicative, and for every s, g(s) = f(s). K = {g({k}): k < u} is a set of u sets in D.
We shall prove that the intersection of any infinite number of sets of K is void,
and by this prove the lemma. Otherwise there exists a k < u which belongs

to g({k;}, g({ks}),"-- where n# m=k,# k,. As N,<o4s = 0, there exists
m such that k ¢ A4, but

keg({ki}) Ng({k}) N Ng({kn}) = g({kys - k) © A
a contradiction.

We now proceed to complete the proof of sufficiency.

Let N = [];erMy/D.

Suppose g = {@y(x,d,): k < pu}(u < 2) is finitely satisfiable in N (and 4, € N).
We should prove that g itself is satisfiable. We first try to translate the problem
to problems about each i.

Let, for se S, (1), 0,(x,d) = AgcsPu(x,d). By Theorem 0.1, for each s there
exist Y (yys -+, y5 )0 (s >F @515 Ogum (X, Gsmy)s (desp = G5), such that
for each be N

N Fes[bads] iff B(D) |=lps[l(e(s,l)[b’d@,l)])a"']
where I(0(a,---)) = {i: M;E0(a(i), )}

Let Ry = {¢(s,j>:j=1,---,m}, and R = U{R;:seS,(u)}. We define for
w, v€S,(R),
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f(W, U) = I((ax) [h/\ Gh(x$ de)A h/\ _I eh(x’ d)])

It is easy to see that f satisfies condition (2) from Lemma 2.5 (with R instead of p).

Now we shall prove that:

(*) There exist subsets Y, of I, for re R, such that:

(1) for each se€S,(1), B(D) F Y[ Y15 Yis23r55]
(2) foreachw,veS,(R), BIDYEMN,ew Y, D Nrew Yy < f(W,0).

The number of formulas appearing in(1)and (2)is < l Sw(u)l + f S (R) x Sw(R)]
= p+ p® = p < A Hence, (since B(D) is A-saturated), in order to prove (*),it is
sufficient to prove that any finite set of formulas appearing in (1) and (2) is satis-
fiable. Suppose the set is

{lps[Y(sJ)’ Y(S,Z)”"’]: SES} U{ n Yr N n Y,ccf(W,U):<W,U>ET}

rew rev

where S and T are finite. Let t= {k:keseS}U{k:kes, (s5,j>ewUr, (wo)eT}.
Clearly t also is finite, and t < u. By our assumption on g, {{,(x,4,): ket} is
satisfiable, say by b. Hence for every sct, N FOyb,d,). For reR,, sct, we
define Y, = I(0,[b,4,]). For every sct, from N F8yb,d,) it follows that
B(D) EY (Y515 Yis.25505)- Also, for every w,oc {(s,j>:sct}, if ie, ., ¥
N Nreo ¥y then MiE AL, 0,(b(0), d(D)) A Nrep10.b(0), a(i)t. So M;E(3x)
Arew0(x,d.(D)) A A,eo] 0, (x,4,(i)), and therefore ief(w;v). Hence N, ., Y,
N Nreo Yy = f(w,0).

So the set of formulas mentioned above is satisfiable, and hence the set of
formulas from (*) is finitely satisfiable, and, as mentioned above, (by the A-
saturation of (B(D)) (*) holds.

Now we shall prove

(**) There exist subsets of I, A, for r€ R such that:

(1) for every r, B(D)E A, = Y, (the Y, are from (*) and so
B(D) i=‘//s [Y<s,1)"“’])'
(2) for each w,veS(R), Nrew¥r N Neeo ¥r =S (W, 0).

As we have mentioned already, Rl = pu< 4, and f satisfy condition (2) of
Lemma 2.5 (by its definition). Recalling also condition (2) of (*), we see that the
hypotheses of Lemma 2.5 are satisfied if we take R instead of u (as the set of
indices) and Y, instead of A4, (sequence of known sets). So by Lemma 2.5, (¥*)

is true.
Now it is easily seen that for each i, the set ¢; = {0,(x,4,(i)): reR, i€ 4,}
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U{T10(x,4,())): reR, i € A,} isfinitely satisfiable. (This is clear from (**) and
the definition of f) If we define b such that b(i} satisfies q;, then for every r,
1(6,[b,4,]) = A4,, and so for every s, B(D)ky[I(6,,[b,4,]),+-,]. Hence
N E0/(b,d,), and so for every k < u (by taking s = {k}) N k ¢,(b,d,).

But although g, is finitely satisfiable, perhaps it is not satisfiable. Since u < A,
D is(w, yt) regular. As | R | = pu, there are sets X, , r € R, in D, the intersection of any
infinite number of them is void. Let

gi = {6.(x,4,):reR,ie4,NX}U {10.(x,4,):reR, i ¢A, ieX,}.

Clearly g} < q;, and by the definition of the X,, each g} is finite (otherwise i will
belong to infinitely many X,’s). So q; is satisfied (in M) by b(i). Then for every
reR I(0,[b,a)NX,=4,NnX,, and so B(D)kI(0,[b,4,]) = A,. Hence
B(D)EY[1(0,.1,[b,4,]),+-,] for each s, and so as before, N F¢,[b,4,] for
each k.

Thus we end the proof of Theorem 2.1.

THEOREM 2.7. Ifu < |I|, then for every M, |L(M)| < u, MYD is p-universal
iff D is (w, u)-regular and B(D) is p-universal.

ReMARK. This generalizes a parallel theorem for ultrapower.

ProOF. As the proof can be constructed easily from the proof of Theorem 2.1,
we do not repeat it.
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